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The translational friction and the viscosity B coefficients for a spherical molecule in solution are cal-
culated from the Navier—Stokes equation for a continuum with space-dependent viscosity. We test three
functions for the space dependence of the viscosity as models for the “local viscosity”. Each function is a
smooth function of distance from the solute center and approaches the viscosity in the bulk at an infinite
distance. For all the three functions studied, the translational friction and the viscosity B coefficients decrease
with decreasing viscosity in the vicinity of the solute, and the effect of the space-dependent viscosity is larger
for the B coefficient than for the translational friction coefficient. These results can explain the observed
shortcomings of the ordinary continuum model with space-independent viscosity. This confirms the validity
of the use of the viscosity B coefficient as a measure of the structure-breaking effect which is closely related

to the idea of the “local viscosity”.

The continuum model with spatially uniform solvent
properties (the uniform continuum model UCM) has
been widely used to explain dynamical properties of
electrolytes and nonelectrolytes in solutions. Typical
examples are the Stokes law!? for the translational fric-
tion coefficient and the Einstein law? for the viscosity
of solution. Although UCM usually predicts the correct
order of magnitude for transport properties and their
dependence on pressure and temperature,> 9 its appli-
cability shows obvious limitations which are believed to
originate from the disregard of the molecular nature and
liquid structure of the solvent. In order to overcome the
limitations, solution chemists have introduced modifica-
tions into UCM. Among such modifications, the “sol-
vation radius” and the “local viscosity” are the most
important and the most popular ones. These parame-
ters are introduced rather intuitively and their applica-
bilities have to be justified on a physical basis. For this
purpose, Ibuki and Nakahara” discussed the validity of
the idea of the “solvation radius” for the case of ions in
terms of the dielectric friction theory.®® Here we focus
our attention on the problem of the “local viscosity”.

The idea of the “local viscosity” is usually em-
ployed to explain observed friction coefficients smaller
than UCM predictions. However, the relation between
a small friction coefficient and a viscosity reduction
around a solute is not so clearly understood on a phys-
ical basis. It should be recognized that the Stokes and
Einstein laws tell nothing about the effect of the “lo-
cal viscosity”, since these laws are based on spatially
uniform solvent properties. The “local viscosity” is a
space-dependent property, so that its analysis should

be based on an equation in which the space-depen-
dent properties of the solvent are taken into account.
In the present paper, we calculate friction coefficients
for a spherical solute in a continuum starting from the
Navier-Stokes equation with space-dependent viscosity
(the nonuniform continuum model NUCM). The prop-
erties calculated are the translational friction and the
viscosity B coefficients. The present calculation reveals
how the idea of the “local viscosity” is useful for in-
terpreting transport properties in solutions. This kind
of analytical study is valuable for a deeper understand-
ing of the limitations of the structureless model, and
can stimulate the development of molecular theories of
transport properties in solution.

An attempt to evaluate the effect of the “local viscos-
ity” was made by Gierer and Wirtz.'® In their model,
the solvent flow around a solute is divided into concen-
tric layers each with thickness equal to the diameter of
the solvent molecule. Such an artificial model is unsat-
isfactory from both the hydrodynamic and molecular
points of view. Another attempt was made by Stiles
and Hubbard.'V As pointed out earlier by Hubbard,®
the dielectric friction makes the solvent near an ion
more viscous due to the dynamic polarization effect.
In this sense, Stiles and Hubbard calculated the trans-
lational friction coefficient with a space-dependent vis-
cosity ‘which is caused by the dielectric friction and the
electrostriction. Although their theory was derived on
a concrete physical basis, it can explain only a local
viscosity larger than that in the bulk.

When we discuss the effect of the “local viscos-
ity”, the viscosity B coefficient is of great impor-
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tance. The idea of the “local viscosity” is closely re-
lated to the structure-breaking effect of ions in aqueous
solutions,'>—'®) and the negative B coefficients observed
for medium-sized ions like the halide ions are considered
to be a good measure of the breaking effect. To the au-
thors’ knowledge, however, no attempt has been made
to explain the validity of the use of the B coefficient as
a measure of the breaking effect. In the present paper,
we discuss the validity on the basis of the nonuniform
continuum model.

Theoretical

1. Space-Dependent Viscosity. Unfortunately,
we have so far no reliable model which analytically ex-
presses a functional form of space-dependent local vis-
cosity. It seems, however, that solution chemists implic-
itly suppose some conditions for the functional form. To
discuss the conditions, a classical model for the struc-
ture of aqueous electrolyte solutions proposed by Frank
and Wen'® is helpful. In their model, solvent water
around an ion is divided into three parts. The inner-
most part is a solvation shell in which water molecules
are strongly oriented towards the central ion. The out-
ermost part is the bulk water region. Between the two
parts, there is an intermediate region in which the sol-
vent is less structured and less viscous than in the other
two, though there is no well-defined boundary between
the intermediate and outer region. In the case of a
medium-sized ion for which the breaking effect is most
pronounced, it is considered that the innermost region
disappears and the ion is directly immersed in the in-
termediate region. From this model, we can extract
the following conditions for the functional form of the
position r dependent “local viscosity” n(r): (1) At a
sufficiently long distance from the solute, n(r) is iden-
tical with the viscosity 79 in the bulk. (2) Near the
solute, n(r) is less than 79 in average, while 7(r) must
be positive everywhere. (3) n(r) is a smooth function of
. (4) The difference between 7n(r) and 79 decays with
distance either monotonously or oscillatory. (5) For a
spherical solute, n(r) is spherically symmetric around
it. ' ;

The origin of the breakdown of the solvent structure
in the intermediate region is ascribed to an incompati-
bility between the hydrogen-bonded network in the bulk
water and the electrostatic ordering of water molecules
towards the central ion. Then we suppose here that
the degree of structure-breaking is proportional to the
ion-dipole interaction. This assumption results in the
following functional form for 7(r):

3
7(r) =m0 (1 —af—3> , M

where r is the distance from the center of the solute, R
the solute radius, and o a constant which characterizes
the degree of the local viscosity reduction. The value of
o is less than unity since the viscosity is always positive;
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a=1 for the zero minimum viscosity, a=0 for the space-
independent viscosity, and a<0 for the local viscosity
larger than that in bulk. This function satisfies all the
conditions discussed above.

Although Eq. 1 is our first choice, we employ two
more functions for n(r) in order to show that the va-
lidity of our results does not depend on the particular
choice of the functional form. One is

n(r) =no (1 — a%cosz 5(1_—2 — 1)]) . (2)

With this function, we can check whether an oscilla-
tory behavior of n(r) affects our results. Although the
deviation of n(r) from 7y is not necessarily negative ev-
erywhere, we model (Eq. 2) to avoid positive deviations,
because positive deviations must be small, even when
they exist, in view of the condition (2) mentioned above.
We set the period of oscillation as the diameter 2R of
the solute for each function, because the size of an ion
for which the structure-breaking effect is important is
usually comparable to the size of a water molecule.
The other is

) =m (1025 ). ®

This function supposes the case that the local reduc-
tion of the viscosity is governed by a shorter ranged
interaction than the ion-dipole one.

The position dependences of the model functions
given by Egs. 1, 2, and 3 are depicted in Fig. 1 for
the case of @=0.5.

2. Equation of Motion for a Continuum with
Space-Dependent Viscosity. The Navier—Stokes
equation with space-dependent viscosity is given*® by

1.2
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Fig. 1. Distance dependences of the model functions
for the space-dependent viscosity for the case of a=
0.5. Solid, broken, and broken-dashed lines indicate
Egs. 1, 2, and 3, respectively.
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p [% + ('v-V)'v] = -Vp+ [Vn(r)]-oc+ n(T)V2'v. (4)
Here, p is the density of the continuum, v the velocity
field, ¢ the time, p the pressure field, and o the rate-of-
strain tensor defined as follows:

i = Bvi + Bv,-
N awj 8$i ’

(5)

where ©;=1z, y, 2z To derive Eq. 4, we have used the
condition of incompressibility,

V=0 (6)

Although a space dependence of the viscosity might
accompany that of the density, we assume a uniform
density for simplicity. Stiles and Hubbard'? calculated
the effect of the electrostriction on the translational fric-
tion coefficient of an ion based on the dielectric fric-
tion theory. According to their theory, the contribution
of the electrostriction is smaller than those of the di-
electric and purely viscous frictions. In particular, it
is very small and negative in water, so that we can
assume that a density variation around a solute due
to the electrostriction has only a small effect on fric-
tion coefficients. Equation 4 is reduced to the ordinary
Navier—-Stokes equation when the viscosity is indepen-
dent of space.

We ignore the effect of dielectric friction in Eq. 4 even
though the effect of the “local viscosity” is important
for ionic solutes. In the case of a medium-sized ion
for which the breaking effect is important, however, the
Hubbard-Onsager theory tells us that the effect of di-
electric friction is much smaller than the effect of vis-
cous friction.*® Furthermore, the effects of dielectric
friction and “local viscosity” have opposite directions;
it is one of the most serious limitations of the dielectric
friction theory that the theory cannot explain the ob-
served friction coefficients smaller than those predicted
by the purely viscous friction.*—% From these facts we
can assume that the effect of dielectric friction is not so
important for the ions of interest here. When the solute
is a neutral molecule, of course, we can safely ignore the
effect of dielectric friction of the first approximation.

As far as slow steady flow is concerned, we can put
the left-hand side of Eq. 4 as zero (the Stokes approxi-
mation).

0=—-Vp+ (Vn)-o+nV3v. (7

Taking rotation, we get the following equation for the
velocity field:

0=79V>(V xv)+(Vn) x (V20)+V x[(Vn)a]. (8)

This is the basic equation for the calculation of trans-
port coefficients in a continuum with space-dependent
viscosity.

3. Translational Friction Coeflicient. The
translational friction coefficient (r is related to the dif-
fusion constant D as follows:?
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p= kT )

¢r
where kg and T are the Boltzmann constant and the
absolute temperature, respectively. It is also related to

the limiting molar conductance A\° for an ion:
_eF
¢t

where e and F are the ionic charge and the Faraday
constant, respectively.

For the calculation of the translational friction coef-
ficient, we assume that velocity field around a spherical
solute can be expressed in the form,>?

20 (10)

o(r) = 3V x [f(r)(wx 7)), (11)

where f(r) is a scalar function that expresses the per-
turbation on the velocity field by the presence of the
sphere and w is the solvent velocity at an infinite dis-
tance. The incompressibility condition is automatically
satisfied by this form. Substituting Eq. 11 into Eq. 8,
we get the following ordinary differential equation of

fr):
d4 3 1 2 1 2
& (3, 20\ 8f (8 10 t0en) ay
dr r ndr/drd \r2 ndr?  rnpdr/ dr?

_(8_2dn_ 2 dn)df_,
r2pdr ) dr

(12)

The boundary conditions for f(r) are given as follows:

dim f(r)=1 (13)
f(R)=0 (14)

2
g%zn(%%*—%)’ at r = R. (15)

The first condition guarantees that the velocity field
becomes a uniform flow u at an infinite distance. The
second is the kinematic condition, which means that the
normal component of the fluid velocity at the solute sur-
face is zero. The third is the slip-stick condition, which
determines the relation between the slip parameter g
and the tangential component of the fluid velocity at
the solute surface. We calculate only two extreme cases
for Eq. 15, i.e., the perfect slip case with =0 and the
perfect stick case with B=o00; the former is preferred for
a monatomic solute.?

The function f(r) should have the same form as that
of the Stokes field at a sufficiently long distance where
the viscosity is practically constant.

3
f(r)=1—81§+SzR— (16)

r3’

where S; and S, are the constants. Then the force F
acting on the sphere is given by

F = —4nnoRS 1 u. (17)
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The validity of this equation is justified by a theorem
that the force acting on a domain in an arbitrary closed
surface does not depend on the choice of the surface.

It is to be noted that there is a famous paradox called
Whitehead’s paradox'™ which tells us that the Stokes
approximation does not give a proper expression for
the velocity field around a sphere at a long distance.
This means that Eq. 16 is not a good approximation
for the long distance behavior of the velocity field. For
a slow and steady flow with a space-independent viscos-
ity, however, the frictional force calculated from Eq. 16,
i.e., the Stokes law, is known to be valid.'” Since the
procedures to calculate the frictional force on the solute
are the same, our result is considered to be valid within
the same level of approximation as the Stokes law.

From Eq. 17, the translational friction coefficient is
expressed by,

(r = 4mmoRS:. (18)

4. Viscosity B Coeflicient. The viscosity B coef-
ficient is defined through the Jones—Dole equation'® for
the concentration dependence of the viscosity of dilute
electrolyte solutions.

!
T —1+Avc+ B, (19)
o
where 7’ and 7y are the viscosities of the solution and
pure solvent, respectively, c¢ is the electrolyte concen-
tration in moldm ™3, and A and B are the constants.
The A coefficient comes from the ion-ion interaction,'®
and the B coefficient for a nonelectrolyte can also be de-
fined through Eq. 19 with the 4 term omitted. The B
coefficient thus obtained is an analogue of the intrinsic
viscosity for a polymer solution.
We assume the following functional form of the
velocity field for the calculation of the viscosity B
coefficient:®

o(r) = 5V x [f(r)(wo x ], (20)

vo = (21 + zk), (21)

" where v is the solvent velocity at an infinite distance,
7 is a constant that characterizes velocity gradient, and
2 and k are the unit vectors in z and z directions, re-
spectively.

With Egs. 8, 20, and 21, we get the following ordinary
differential equation:

ﬂ+(2+2d_’7)ﬂ 24 1d%  16dn) d°f
dr4 r  ndr/ drd r2 " ndr?2  rpdr ) dr?
L[ 2, A& 14dn)
r3  rndr?  r2dr ) dr
6 d°n 6 dy
(maﬁ*ma fr=0
(22)

The boundary conditions for f(r) are given by
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Jim f(r)=1 (23)
f(R)=0, (24)

2
ﬁggzn@% %3—{),@7‘:1{ (25)

The meanings of Eqs. 23, 24, and 25 are the same as
those of Eqs. 13, 14, and 15, respectively.

The functional form expected at a sufficiently long
distance is

R? R®
f(T)Zl—Sl—’,-E +S-2—73 (26)
Using this expression, the B coefficient becomes
4 5. N

where N is the Avogadro number.

5. Numerical Solutions. We solve the differential
equations derived above by a numerical method. The
method is similar to that used by Stiles, Hubbard, and
Kayser®? to calculate the dielectric saturation effect on
the translational friction coefficient in the dielectric fic-
tion theory. An extension of the method for the cal-
culation of the B coefficient is straightforward.® For a
space-independent viscosity, our calculation reproduces
the Stokes and Einstein laws. The calculation is carried
out using a workstation (HP 712/60).

Results and Discussion

Figures 2 and 3 show the calculated translational fric-
tion and viscosity B coefficients, respectively. Each re-
sult is depicted as a function of the viscosity reduction
parameter « in the range of 0<a<0.5. Since the idea of
the “local viscosity” is usually employed to explain the
friction coeflicient smaller than that predicted by UCM,
we represent results only for positive o values. The re-
sults for =0 are identical with the UCM predictions.

10 ] | | |
02 03 04 0.5

(04

Fig. 2. Translational friction coefficients as functions
of the viscosity reduction parameter . Lines have
the same meanings as in Fig. 1.
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Fig. 3. Viscosity B coefficients as functions of the vis-
cosity reduction parameter «. Lines have the same
meanings as in Fig. 1.

Quantitatively speaking, the effects of the space-de-
pendent viscosity on the translational friction and the
viscosity B coefficients decrease in the order of Egs. 1, 2,
and 3. This indicates that a space-dependent viscosity
with a longer-ranged contribution has larger effects on
the friction coefficients. Qualitatively speaking, how-
ever, the results exhibit similar tendencies irrespective
of the functional forms of the space-dependent viscosity
and the boundary conditions at the solute surface. (1)
Both the translational friction and the viscosity B co-
efficients decrease monotonously with increasing o pa-
rameter. (2) The reduction of the translational friction
coefficient from the Stokes low (=0) amounts to less
than 15% at =0.5. (3) Although the variation of the
B coeflicient with « largely depends on the functional
form of 7(r), the degree of its reduction from UCM is
larger than those of {7 at the same « value for all the
functions studied; the B coefficient becomes even nega-
tive for some cases.

The first result indicates that the effect of the “ lo-
cal viscosity” is in the direction that solution chemists
expect. The second and the third results tell us about
the difference in sensitivity to a local viscosity change
between the translational friction and the viscosity B
coefficients. To clarify this point, the correlation be-
tween the two coefficients is examined in Fig. 4. In
this figure, we exhibit results only for the slip bound-
ary condition, because this condition is preferred for
monatomic solutes like the halide ions. The UCM pre-
diction is indicated by a closed circle in the figure; since
the translational friction and the viscosity B coefficient
are normalized by Rn, and R3, respectively, the UCM
predictions for different solute radii are identical. On
the other hand, the NUCM predictions depend on the
degree of the viscosity reduction, i.e., the value of the «
parameter. The line for (B/{r)(no/R?)=const. is also
depicted for comparison; this line expresses the corre-
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Fig. 4. Correlation between the translational friction

and the viscosity B coeflicients. Dotted line indicates
the line for the case of (B/¢1)(no/R?)=const. Other
lines have the same meanings as in Fig. 1. A closed
circle indicates the UCM prediction. Open circles
indicate experimental results for the halide ions in
water at 25 °C.

lation curve for the case that the effect of the space-
dependent viscosity reduces (7 and B by the same ra-
tio. For all the three functions studied, slopes of the
correlation curves are larger than that of the curve for
(B/¢1)(mo/R%)=const. This indicates that the B co-
efficient is more sensitive to a local viscosity change
around a solute than the translational friction coeffi-
cient. In other words, the breakdown of UCM can be
more clearly recognized by B than by {r.

In Fig. 4, we also plot experimental results of the
translational friction®) and the viscosity B coefficients'®
for the halide ions in water at 25 °C; we use the crystal-
lographic radius?V for the ionic radius R, and the ionic
B coefficients are calculated from the electrolyte B coef-
ficients with the assumption that B(Cl™)=B(K™').1%®
The experimental correlation slope is much larger than
the slope for (B/{r)(no/R?)=const. This qualitatively
agrees with the present results. Although the inter-
cepts for the theoretical and the experimental correla-
tion curves differ to some extent, it is difficult to dis-
cuss the difference quantitatively since the experimen-
tal intercept directly depends on the assumption for
the ionic division of the B coefficient; we cannot deter-
mine the ionic B coefficient without any arbitrariness.
However, the experimental slope is not sensitive to the
method of the ionic division. Hence we can consider
that the present model explains the observed correla-
tion between the translational friction and the viscosity
B coefficients.

The difference in the sensitivity to a local viscosity
change can be understood in terms of the difference in
the velocity fields from which the friction coefficients are
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calculated. When we assume the space dependence of
the viscosity as a perturbation, the first approximations
for the friction coefficients can be calculated from the
space-dependent viscosity and the unperturbed veloc-
ity fields given by UCM. The equations which charac-
terize the unperturbed velocity fields are Eqs. 16 and
26 for the translational friction and the viscosity B
coefficients, respectively. It should be noted that the
space dependence in Eq. 16 is longer-ranged than that
in Eq. 26; the leading term in Eq. 16 is proportional to
!, whereas that in Eq. 26 is proportional to 3. This
indicates that, for the translational friction coefficient,
the contribution from a long distance where the viscos-
ity is virtually a constant is much larger than for the
B coefficient. In other words, the B coefficient is deter-
mined by a shorter-ranged effect and more sensitive to
a local viscosity change than the translational friction
coefficient.

In view of its sensitivity to a local viscosity reduc-
tion, the viscosity B coefficient can be regarded as a
good measure of local effects around a solute. This
confirms the validity of the use of the B coeflicient as
a measure for the structure-breaking effect. The rela-
tion between the B coefficient and the breaking effect
was thoroughly discussed by Gurney'® in terms of the
“co-sphere” effect. Although he discussed the interre-
lation between the viscosity B and the translation fric-
tion coeflicients, he stressed the correlation between the
B coeflicient itself and the temperature dependence of
the electrical conductivity instead of a direct correlation
between the two quantities. Necessity of such a subtle
choice of correlating variables can be understood by the
present result; the translational friction coefficient is in-
sensitive to a local viscosity change and can be roughly
approximated by the Stokes law, so that it is difficult to
extract information about the limitations of UCM from
examinations of the translational friction coefficient it-
self. On the other hand, Ibuki and Nakahara® pointed
out that if we examine deviations from the UCM pre-
dictions, we can recognize a direct correlation between
the two quantities more clearly.

Once we adopt the space-dependent viscosity, we can
interpret the translational friction and the viscosity B
coefficients smaller than those predicted by UCM and
the correlation between them on the basis of NUCM.
The present work is an attempt to answer the ques-
tion how much local changes in solvent properties affect
macroscopic transport properties for different modes of
motion. The present results suggest that the investiga-
tion of the viscosity of nonelectrolyte solutions as well
as electrolyte solutions will give us valuable informa-
tion about the limitations of UCM in relation to local
effects. In theoretical and computer simulation studies,
however, it seems that only a little attention has been
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paid to the viscosity B coefficient compared with the
translational friction coefficient. We hope that the ori-
gin of the local viscosity change will be elucidated in
terms of a molecular theory.
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